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Notation
e We use C as a meta-variable for object and trait names, i.e. O and 7.
e We use I' as a meta-variable for term variable environments.
e We use A as a meta-variable for type variable environments.

e We use 7 as short-hand notation for 7; . .. 7,,. We write the empty sequence as -. We denote the concatenation
of two sequences by juxtaposition, such as 7 & . We extend this notation to other entities beyond types.

e We define name(md) to be the name of method md.

e We define the function min-path,,5 such that min-path,, (7, 0’) is a minimal path, 775, where:
- p; A+ 17p path-ok,
— every win o isalsoin .

Restrictions

e We assume all type variables are unique.

e We require the type Object to be the root of the type hierarchy created by any valid program.

o Hidden type variables cannot occur in the type of a field.

e We require no cycles in the bounds relation. That is, a type parameter declaration <3, along with the declaration
B <« is forbidden. However, recursive and mutually recusive bounds, such as o <T[o] and v« T'[3] along with
B < T'[«] are allowed.

e Allowing a trait to extend other instantiations of itself raises the possibility of a cyclic type hierarchy. Consider:
trait Ta < Object] <« T[B]| {8 < Object} end
Then we have T[T [Object]] <: T[Object] <: T[T[Object]] .

We must prevent cyclic type hierarchies in order to keep the semantics of method inheritance and overriding well
defined. It is not particularly relevant to our system how such cycles are prevented, but they must be prevented
in some way. Obviously, we could simply restrict cyclic hierarchies by fiat, but such a restriction is not useful
unless there is an effective algorithm for enforcing it.

We say that a trait T is self-extending if one of its supertype V; is an instantiation of T'; we also say that V; is a
self-supertype of T'. Then we place the following restrictions on a trait definition:
(R1) There are no cycles except through self-extension.

(R2) A trait definition has at most one self-supertype.



(R3) Each type parameter of a trait either bounds or is bound by the corresponding type argument in the self-

supertype.

These restrictions permit traits to have invariant, covariant and contravariant type parameters.

e Method overloading is forbidden. It is not allowed for a trait or object provide (either define or inherit) two

method with the same name.

Syntax:

— — s —
td i= traitT[a< K] < N|{a<K} md end

] —_— . =, —
object Ola< K| (z:7) <« N |{a < K} md end

P = de
d n= td
| od
od =
—
md = ma<K|(z7)T=e
e n= X
self
o[7]ce)
e.xr

. P4
typecasexr =einT = éelsecend

€as T

r,o,p,m = O[T]
K

K, L =«
| N
M,N == T[7]
|  Object

Expression typing: | p; A; T Fe: 7

|
|
i eas (7, 7)m[T](€)
|

program

trait definition
object definition
method definition
variable reference
self reference
object creation
field access
method invocation
type-dependent operation
type ascription
object type

type variable

trait type
Object type



[T-VAR] p; AT Ha:T(x)
[T-SELF] p; A; T self : I'(self)

[T-OBJECT]
object Ofa< _[(Zd)_ €
p; A O[T ]ok pATHEE
P AR < [T/d]|7
AT EO[T](E) - O[]

[T-FIELD]
object Ofa< _](z:6) _ €p
p; AT Fe: O[T]

p; AT e : [T/d)o;

[T-METHOD]
p; AT e T p; A+ 7 path-ok
p; A F 7 ok
—_—
method,(m, 7, p) = {(m[aqK]]Lf:?):/ﬁ,7-> ws3)}

pATEE v p; ARV <
-
pAFTok  pAFT < [T/d]K
p;AI—ch <: Wy
p; AT Feas (70, p)m[7](€): [T/

ol

[T-TYPECASE]
;AT Re:p
p; AT be:m AR <o 1§i§\?\
p;AsTx:pke v p;AFY <o

p; A;T k- typecasex = e inT = é else ¢ end:o

[T-ASCRIPTION]
p;A;T'He:o P Ao < T

p;A;THeasT:7

Method lookup: | method,(m, 7, 7) = {(md1, 7 <: 7),...,(mdy, 7 <: 7)}
method,(m, -, T ) =0
methodp(m,Object,?) = 0
method,(m,ac, ) = method,(m, 7, p)
method,(m, C[T] 7, 7) =
(7 /@7 /BImd,[7 /@7 /FIA)} if ~ Cla<K]_ [{B<L}md_ €p

—
and md € {md}
and name(md) =m
andA=a <: K@ <: L
method,(m, o, p) if _C_md_ e D
_
and m & {name(md)}




Extension: |p; A k7 <:: 7

pAFa<:T

[E-EXT] B .

_ Cla<K]<MT[p] N |{B<L}_ €p
pAFTok  pAFT < [7/3T/BIK
pAFG ok  pAFT < [7/3F/BL

pAFC[T] <: [7/Q)[T/BITI7]

[S-REFL] pAFET <i T

[S-TRANS]
D;AE T < T P;AE T < T3

p;AF T < T3

DA T <iiTo
pAET <: T

[S-EXT]

Program typing:

[T-PROGRAM]
— —
p=de pk d ok p;0;0te: T
Fp:7

Definition typing:

[T-TRAITDEF]
A=a <: K@ <: L
— — —
p; A F K ok p; A N ok p; A L ok
— — 1 A —
p; Asself : T[&; T[] F] F md ok
=
phtrait Ta< K] < N |{8 <L} md end ok

[T-OBJECTDEF]
_
A=a < K
AN=a<: KB <: L
—
p; A = K ok P A T ok
— —
p; A’ = N ok p; A’ = L ok
— —
p; Alsself : O[] - 7;0[@][ 8] - md ok
; — T S, 2, —
pFobject Ola< K|(z:7) <« N [{3 <L} md end ok




Method typing: ’p; A;T; CTa][@] - md ok‘

[T-METHODDEF]
Y
A'=Aa <: K
_ s
p; A CLB][Y] F override(m[a < K] (z = d):p=e)
—
p; A’ K ok p: A+ T ok p; A" F pok
p ATz :6ke:n p;A'ET < p
— —
pi AT OBV F mla< K] (z76):p = e ok

Method overriding: ’p; A; C[@][a] F override(md) ‘

[OVERRIDE]
a1
p; A C[B]p path-ok
——
method,(m, p,7) = {(m[o/ < K'|(Z:7)w ki <: ka)}
— ==
K =[d/d|K'
— —
T =[d/d]7T  pAFo < [@/dv
p AR < ke

;A C[[ﬁ]] [71F override(ma< K| (z: 7):0 =e)
[NONOVERRIDE]

1=
p; A+FC[B]p path-ok
method,(m, o, ) =0

D; A; C[[ﬁ]} 71+ 0verride(m[[mﬂ (z:7):0=¢e)

Well-formed types:

[W-OBIJ] p; A F Object ok

[W-VAR] a € dom(A)
p; A ok

_ Cla<K]_|{B<L}_ €p

p: A+ T ok p: A+ T ok

— =

pAFRT < [T/d][0/B]K

— == AT

e BAFT < [F/TNT/ )T

Well-formed paths: | p; A - 7 path-ok‘

AT <iimo

AR T, <uT,
[PATH] b3 Tn—1 < T,

p; AF 1.7, path-ok

Evaluation contexts and redexes



<
|
S
|
=l

ol of
N

else e end

| vas (7, 7)m[T]7)
| typecasex = v inT = ¢éelsecend
| easT

Evaluation rules: ’p F E[R] — Fle] ‘

[R-FIELD]
object O _(z:_)_ €p

pF HO[TLV).xi] — Elvi]

[R-METHOD]

object O _ (z:_) _ end_e)p
method,(m, o, ) = {(ma< (= _) - =e, _)}
pF EO[TIV)as (7, 7).m[7](v')]

— =

— H[v/Z)O[TKV)/selt][v /a'][m/ale]

|

[R-TYPECASE]
p; 0 O[T] <: oy 1<i<|7] p;0 - O[7T] <: p

pk Htypecasez = O[T|(V) inc = €1 p = ea T = €3 else ey end]
— HIO[7T)(V)/x]ez]
[R-TYPECASEELSE]
p; 0/ O[7T] <: o 1<i<|7]
ph Ftypecasex = O[7T](v) in o = e; else ey end]

— HO[TV)/a]es]
[R-ASCRIPTION]

pt Ele as 1] — Ele]




o[7(e) ife=O[T]€)
and ¢’ = path,\r ()
e'.x ife=¢€.x

and e = path,ar(€’)
e) ife=¢"as (7,7)m[p](e)
and € = path,ar(€')
andp; A;T e’ i m
and 7 = min-path,a (m, )
v —
and ¢’ = path,ar(€’)
typecasex =€} ino = e}, else e, end ife =typecasex =e; ino = e; else e3 end
and €} = path,ar(e1)
Vi —
and e5 = path,ar(ez)
and e = path,ar(e3)
e asT ife=¢ asr

and e” = path,ar(€’)

e otherwise

Type Soundness Proof
Theorem 1 (Progress). If p;0; ) = ey : T then either e is a value or p - e — ea.

Proof. The proof is by case analysis on the current redex in e; (in the case that e; is not a value).

Case O[7](v').z;: By the well-typedness of e; we have:
p; ;0 F O[TV ).z : [T /)0y
where:
object Ofa< _](z:5) - € p.
Therefore [R-FIELD] can be applied.
—

Case O[T](V) as (&, p).m[7](v"): By the well-typedness of e; we have:

v
v

pi0:0 - O[T[(V) as (@, 0)-m[7](v') : [/ ]k

where:
method,(m, o, ) = {(mla< K](z0):x = e, _)}.

Therefore [R-METHOD] can be applied.
Case typecase x = v inT = é else e end: One of [R-TYPECASE] or [R-TYPECASEELSE] must apply.
Case e as 7: Then rule [R-ASCRIPTION] applies. O

N
Lemma 1 (Weakening). Suppose p; A a <: K F K ok and p; A F o ok.
—_—
L Ifp;AF1 < mothenp;Aa <: KE1 < 7.
—
2. If p; At Tokthenp; A a <: K F 7ok
—_—
3 Ifp;AsTRe:Tthenp;Aa <0 Ki'kFe:Tandp; A;Tz:o0bFe: T,

Proof. Each of them is proved by straightforward induction on the derivation of p; A F 71 <: 7o, p; A F 7 ok, and
p; AT He: 7. O



. —# — — =T
Lemma 2 (Type Substitution Preserves Well-Formedness). Ifp; A; o <: K Ag b rokandp; A1+ 7 <: [T /d]K
with p; A1 = 7 ok and none of & appearing in Ay, then p; Ay [T/ ]Ag = [T /@7 ok.

B ——
Proof. By straightforward induction on the derivation of p; A; a@ <: K Ag = 7 ok. O
Lemma 3 (Type Substitution Preserves Extension). Ifp;A; o <: K Ao b7 <t:mpandp; A1 -0 <: [0/d]K

with p; A1 = 0 ok and none of @ appear in Ay, then p; Ay [0/ |Ag [0/ <: [0/ d]m.

. . . . 2
Proof. By induction on the derivation of p; A1 o <: K Ag F 71 <:: 7.

Case [E-VAR]: Then 7y = aand 75 = (A1 a <: K Ag)(«a). If & € dom(As), then the conclusion is immediate.
Otherwise, @ = a; and by assumption we have:

pi AL o < [7/5)]K1

Lastly, Lemma 1 gives us the desired result.

Case [E-EXT]: Follows from Lemma 2, Lemma 4, and rule [S-EXT].

=l O

Lemma 4 (Type Substitution Preserves Subtyping). If p; A1 o <: K Ao b1 <: mpandp; A1 F 0 <: [0/d]
with p; A1 = & ok and none of o appear in Ay, then p; Ay [0/ d)As F [T/ d]n <: [0/
. . . . — =
Proof. By induction on the derivation of p; Ay o <: K As k1 <: 7.
Case [S-REFL]: Trivial.

Case [S-TRANS]: Follows from the induction hypothesis.

O

Case [S-ExT]: Follows from Lemma 3.

Lemma 5 (Valid Overriding). If method,(m, 7,7 ) = {(m]a < K](z:p):7m _ &1 <: W3)} where p; A+ &7 <:
W5 and there exists U such that p;/A = T path-ok and every k in T is also in U then, method, (m, v, o) =

{(m[[a<1K]](9Tp>):7r’,,;i> < uZ)}andp;Al—w’ < Wandp;Al—J’l) < uz

O

Proof. Follows from rules [OVERRIDE] and [NONOVERRIDE].

|

Lemma 6 (Term Substitution Preserves Typing). If p is well typed and p; ;T 27 e : o and p; A;T F € -
andp; A+ p <: 7 then p; A;T & path ap([€/7e) : mand p; A b <: 0.
Proof. By induction on the derivation of p; A;T'x 7 F e : 0.
Case [T-SELF]: Trivial.
Case [T-OBJECT] [T-ASCRIPTION]: Easy.
Case [T-VAR] p;Tz:7;AF2:T(2):
If z € dom(T") then the result is immediate. Otherwise © = x; and 0 = 7. Then ™ = p;.
object Ofa< _|(zw)_ €p
p; ATz 7 ke O[R]

p ATz 7k [/ .
By the induction hypothesis, we have:

Case [T-FIELD]

pi AT+ pathap([€ /7)) : O[K]

Notice that: RN
path, ap (path,ap (€ /Te!).;)
= pathar([€ /7)€ ;).

Rule [T-FIELD] finishes the case.



p; AT 7he:o p; A F o p path-ok

p: A+ T ok
—_— — —
method,(m,op, ) = {(mla<K](Z:k)w_,0; <: 62)}

— —

p;A;le—zzn' DA R <
1
P AFT ok p AT < [V/A]K
— —
p;AF 6 < 6y
=
p ATz 7heas(op,7)m[V](e): [V/d]w
By the induction hypothesis we have:

Case [T-METHOD]

p; AT - pathpAF([?/?]e) 1o’

p;Ako <o
- —
p; AT - pathpAF([?/?] e): k"
— =
p AR < K.
By [S-TRANS] we have:
_
p AR < [V/a]E.

Notice that:

h e
= path,ar([€/7]e) as (¢, 7).m[7] (path,ar([€/T]e))

where: _
min-path,a(c',0p) = p'.

By Lemma 5 we have:
— _— — —
method,(m, 0 ,7) = {(ma<K](Z:K)w' -, 0] <: 65)}

where:
p;AFW < w
—
p; ARG < 0]
Noticing that:
N
pathyar(path,ar([€/@e) as (0,70, @).m[V](path,ar([€ /7] €")))
= path,ar([€ /T e as (0,9, 7).m[V]([€/]e)

and using [T-METHOD] finishes the case.
p AT 7The:w
p; AT 7a:o ey ARy <ip 1<i<|7]

ATz 7x:7hke: ARk <
Case [T-TYPECASE] POl BiTEIMC R PATR NP

p; A;T 27 typecasexr =eino = éelsee’ end: p
By the induction hypothesis we have:

p; AT F pathap([€ /T )e) :
pAFRT <7

;AT @2 0 b path,ap([€ /T )es) : V]
P ARV <y

p; ATk pathpAF([?/?]e’) K

p; AR K < K.
By [S-TRANS] we have:
P ARV < p
p; AR K < op.
Noticing that:
path,ap(typecase x = path,r([€ /7 ]e) in o = path,ap([€ /7 ]e) else path,ar([€ /T ]e) end)
s
= path,ar(typecase z = [€/Z)eino = [€/7]eelse[€/7]e end

and using [T-TYPECASE] finishes the case.



Lemma 7 (Type Substitution Preserves Typing). If p is well typed and p; A o <: K;I' + e : 7 and none of o
—=

appear in A and p; A - & <: [0/ Q| K where p; A = T ok then p; A; [0 /@]l = pathpA[ﬁ/a]F([?/E)}e) )

andp; A= p <: [ /d]r.

Proof. By induction on the typing derivation p; A m ;' F e : 7 with case analysis on the last rule applied.
Case [T-VAR], [T-SELF]: Trivial.
[T-OBJECT]
object Ofa’ < _|(Z77) _ € p

piAa <: K FO[7] ok

Case p;Aa<—:I){;FI—_’~_>
pAa < EF7 < [F/d]7
pida < K:I'HO[F)(@): O[]

By Lemma 2, the induction hypothesis, and Lemma 4 we have:

p; At [7/d]0[7] ok
Ao _/)E]F = path iz sar(l
p ARV < [0/a]V i
pAF[o/alV < [d/d][p /|7
Notice that: RN
([7/a]e))
)-

pathpA[g/a]r([ / ]O[[p]](path A[_E:@

= path 13 (7 /T IOLF (T /) e
Rules [S-TRANS] and [T-OBJECT] finish the case.
Case [T-ASCRIPTION]: Similar to the previous case.

[T-FIELD]
. T 1 —
object Ofa/ <« _J(z:7t) - €p
_
Case pAa <: K;T'Fe:O[p]

— — =
p;Aa <t K;Tkex;:[p/d]m
By induction hypothesis we have:

A; [0 /AT F path

ap((@/dle) - [@/a]0[ 7]
p,AH o /d]olP] < 0

pA [3/
@
Notice that:

= pathpA[g/a»]F([F)/E)]e.xi).
Rule [T-FIELD] finishes the case.
[T-METHOD]
_ _ N
pAa < KiTke:p p;Aa <: KtF p7 path-ok
A <Teubul
p;Aa < KF 7 ok
—
method,(m, p7, 7)) = {(m]a/ < K'|(T@):0 _ , 1 <: ba)}
- — - =
Case pAa < K;TH7e W pAa < KFW < [K/d]W
— — . — — T
p;Aa <: KF K ok pAa < KFK < [F/d|K'
— —
P;AE 1 <t ¢
p;Aa <: K;T'keas (p7,vV)m[r](€):[K /)0

10



By the induction hypothesis we have:

5; A5 [3 [T path, o e (T /TNe) : 9

piAFp < [a/d]p

p; A; [0/l - path, Az ar(l0
7 s dl b d /

p AR W < [0/d]w.

By Lemma 2 we have:

By Lemma 4 we have:

pAF (3R < [7/d][R /al|K
pAF[T/a) < [¢/a)[R/d]T.

By [S-TRANS] we have:

Notice that:

pathpA[(—f/a]F(pathpA[ﬁ/a’]F [0/ dle) as [0 /d|(p7, V).m[[a /)R] (pathpA[E/a’]r([?/E]?)))

= pathpA[g/a}F([? ale) as (7 ,[?/3]7).m[[[?/5’]?]](pathp

where:

By Lemma 5 we have:

method,(m, @, (@ /@)7) = {(ma’ [/ QK| (@[T ) T)w):[T /)0 _, &, <: ¢h)}
where:
AR [T/ <: [3/3)8
Py AL < ¢
Noticing that:

pathpA[az/a)]F(paﬂi)A[—a:/a]F([—q —a:]e)—a)SL? — T = =
= path 5 e (T /@ e as [7 /@) (p 7. 7).ml[7 /| F)(7 /7] 2)

and using [T-METHOD] finishes the case.
Case [T-TYPECASE]: Similar to the previous case.
Lemma 8. [fp; A;T' & e : 7 then path,ar(e) = e.

Proof. By induction on the structure of e.

O

Lemma 9 (Replacement). Ifp; A;T' = Ele1] : 71 with the subderivation p; A;T' & ey : 01 and p; A;T' F eq : 09 where

p; Aoy < oy then p; A;T F path,ar(Eles]) : 72 where p; A =15 <: 7.

Proof. This proof is by induction on the structure of E.
Case [: Then 71 = 07 and 75 = 02. Lemma 8 gives the final result.
Case O[T ](v' E'€): By the well-typedness of Fle;] we have:

p; AT = Eleq] : p.
By [T-OBJECT] we have:

piAFp < [7/d]m

11



where object O[ar< _](—:7) _ € p. By the induction hypothesis we have:

p; AsT'F path,ar (Ee3]) : pf
where:
p AR p < op.
By [S-TRANS] we have:
Py AR p < [T/
Notice that:
path,ar (O[T (0 Eles]€)) = O[TV path,ar (E'e5]) €).
By [T-OBIJECT] we have:
P AT path,ar(Eles)) : 71
Notice that the lemma holds with 71 = 7.
Casevas (7,7 ).m[p](v E'€): Similar to the previous case.
Case E'.xz: By [T-FIELD] we have:
pi AT Eley] : O[]
By the induction hypothesis we have:
p; AT F path,ar(E'ey)) < p
where:
p;AFp < O[7T]
Therefore p = O[ 7 | Notice that:

path,ar (E'ey).x) = pathar (E'leh)).x

By [T-FIELD] we have:
p; AT F path,ar(Eles)) : 1.
Notice that the lemma holds with 71 = 7.
Case ' as (70, p).m[7](€): By [T-METHOD] we have:

p; AT = Elel] o T

By the induction hypothesis we have:
p; A;T F path,ar (E'es]) « 7/

where:

Notice that: o N
path,ar(Ees] as (7 )-m[7](e))
!
2

= path,ap(Eley]) as (o, 7). m[7](€).

where N
min-path,a (7', 70) = o’.
By Lemma 5, if:
_

method,(m, 7o, p) = {(mla< K](zD):x —, _)}
then: -

method,(m, o', ) = {(ma < K](zw):x —, _)}
where:

P AR K < K.

Rule [T-METHOD] finishes the case.

12



Case typecase z = E/ in T = ¢ else e end: Similar to the previous case. O

Theorem 2 (Subject Reduction). Ifp is well typed and p; ;) = ey : 7 and p = e — eq then p; 0; 0 = path,4(e2) :
To where p; ) = 170 <: Ty.

Proof. The proof is by case analysis on the evaluation rule applied.

Case [R-FIELD]: e = EO[T|V).zi] e2 = Euv;]
Then object Ofa< _(z:0) — € p. By the well-typedness of e; we have:

p; ;0 F O[T V). : [T/ )os.

By [T-OBJECT] we have:

;0 v p
where:
p; 0 p; < [T/)d)o;.
By Lemma 9:
p; 0;0 & pathyg (Elvi]) : 72
where:

D01 <7
Case [R-METHOD: ¢, = HO[TYT) as (7, 7)m[F[(V))] e = H[T/TIO[TNT)/sert][v/ /' |[/a]e]
Then:

object Ofa< _|(zw)_ €p

method,(m, o, p) = {(m[a’ < K'](

By the well-typedness of e; we have:

!/
TR

Jw =e, )}

)[R w.

p;0;0 - O[T V) as (@, p).m[7](
There are two subcases to consider.
Subcase: m is defined in O
By [T-METHODDEF] and Lemma 7 we have:
/ ! - i /
pia < K';self : O[T]a: v 2’ : k&= pathyar(e) : w

where:

By [T-METHOD] and Lemma 4 we have:

p;0 = 7 ok
— —
p0 7T < [7/d]K’
— =
p;0;0 = K
— —

By [T-OBJECT] and Lemma 4 we have:

p; 00V i
i =g 174,/
p0 v < [T/ v
By Lemma 6, Lemma 7, and [S-TRANS] we have:
00+ [T/ TV O[7NV)/selt)[v) /7 [ /o' path, gy (e) : "

— —. =

pi W < [T/

13



By Lemma 9: o
p; 030 = path,go (E[[V/Z][O[T V) /self][v' /o' ][x/a Ipath,gy(e)]) :
where:
P01 <7

Noticing that:
path,gg ([T /)OI 7Y T) /se1t][v/ ’/_> z'][r/o/|pathygg(e)])

—

= path,y (E[[V'/Z)[O[TKV)/self][v' /a'][w/c/e])

finishes the case.
Subcase: m is not defined in O

Almost identical to the above case. The only difference is that substituting the object’s value parameters is super-
fluous.
Case [R-TYPECASE]:
_ _ =7 & / / / !
e1 = E[typecasex = O[7T](V) ino = €] p = e, m = ¢ else €} end]

e2 = E[[O[T](V)/x]es]
Then:
p;0FO[7T] <: p.

By the well-typedness of e; we have:
— . / / / /
p;0;0 F typecasex = O[T](V)ino =€) p=e)m = c;elsec)end: v

where:
p;0;z:ptebh v/
;v < v

By Lemma 6 we have:

p; 0; 0 & pathp (O[T NV) /xles) - v

where:
OV <V
By Lemma 9:
p; 0;0 = path,gg (Elpath,pg (O] 71(0) /z]e3)]) « 7
where:

P01 <7

Noticing that:
pathpoo(EIpathpm([O[[?]](?)/ xle5)])
= pathygo (B[O[ 7)) /x]es])
finishes the case.
Case [R-TYPECASEELSE]: Similar to the previous case.

Case [R-ASCRIPTION]: e; = Eleas 7] ez = Ele]
By the well-typedness of e; we have:
p;0;0FeasT:T

where:
p;0;0ke:o
plFo < T
By Lemma 9:
p; 050 = path,gq(Ele]) : 7
where:

P01 <7
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Theorem 3 (Type Soundness). If p; 0; 0 - ey : 71 then either ey is a value or

pher — e,
p k= path,gy(e2) — es,

p = path,pg(en) — v.

Proof. By induction on the structure of e; using Theorems 1 and 2.
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