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Three-Dimensional Data Input by Tablet 

IVAN E. SUTHERLAND, MEMBER, IEEE 

Abstract-A large-area mdtiple-pen  tablet sptem for  three- 
dimensional  data  input is described.  The  large  tablet area provides 
space  for simultaneous use of several views of the  three-dimensional 
object  being digitized The  multiple pens enable the user to  indicate  a 
single point simultaneously in two such  views,  thus de- the 
three-dimemional position of the point. 

Five  -cant  techniques  are  outlined. First, the  large-area 
digitizing  surface with multiple pens has proved.to be an instrmnent 
very Merent from  the  more familiar &@+pen Bmall tablets. 
Second, a pair of two-dimensional positions is converted  into a four- 
dimensional  space  and  then  back to three  dimensions.  Third,  the 
spedfication of  view areai, viewing directions, view  positions,  and 
coordinate axis is accomplished  by  giving  exampIes directly in  the 
viewing  space  rather than by Bpecifying abstract viewing  parameters. 
Fourth, an  attitude  about  coordinate  conversion trsing the  inverse of 
a  basis matrix is used throughout which  automatically  compensates 
for any tilt  in  the  views on ,the  tablet d a c e  and any nonperpendicu- 
larity  of  the  tablet axis. F i  the  mathematics of  converting  from 
pairs of  perspective views or pairs of photographs,  while not new, is 
formulated simply in an appendix with several examples. 

INTRODUCTION 

T HE ART  OF producing  pictures of three-dimensional 
objects  by  computer  has  advanced  remarkably  in  the 
past  several  years. The pictures now  being  produced 

are in perspective  with  hidden  surfaces  removed, and  are  often 
quite  realistically colored. The objects  portrayed  may  present 
a smoothly  curved  appearance;  in  fact, a degree of realism  has 
been  reached  which  makes i t  difficult to  identify  such  pictures 
as computer  output.  The  pictures  included  in  the  paper  by 
Resch in this  issue [7] and  in  Fig. 6 of this  paper  give  some 
idea of what is  possible. 

Whereas  the  art of producing  such  pictures  has  advanced 
well, the  art of getting  suitable  data  for  them  into  the com- 
puter  has  remained  fairly  primitive.  This  paper  addresses  the 
problem of preparing  three-dimensional data for computer 
production of such  pictures  or  for  whatever  other  purpose  one 
might  want  to  present  such  data  in  computer-readable  format. 
We  have  assembled a data  input  system  whiciimakes  it  quite 
easy  and  convenient to  enter three-dimensional data from 
multiple  two-dimensional  views of the  object  to be digitized. 
With  our  system  one  can  easily  build a computer model of 
some  object  for which one  has  drawings  or  photographs. 

Our  system uses a large-area  tablet  to  provide for  simul- 
taneous use of multiple views of the  object.  The user indicates 
points in three  dimensions by  pointing  to  them  in  two views 
simultaneously  with two pens,  one  sometimes  mounted in a 
stand (see  Fig. 1). From  the  positions of the  two  pens,  our 
programs  can  deduce which  views are being  used,  and  thus 
can  apply  the  correct  transformations  to  derive  the  three- 
dimensional  position of the  point  indicated.  The  result  is a 
system  that  makes i t  easy to  construct  computer models of 
objects for  which  multiple  views are available. 

The  mathematics of going  from  two  two-dimensional po- 
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Fig. 1 .  Cloeeup of two digitizing pens. The small stand is  often ueed 
to hold  one pen if digitizing  in a plane surface. Two views of a  Navy 
ship are being digitized. 

sitions  to  the  three-dimensional position of a point  can  ac- 
count  for  either  the use of orthographic  projections  (mechani- 
cal drawings)  or  perspective  views  (photographs). If photo- 
graphs  are  used, of course,  additional  complexity  is  intro- 
duced,  but in either  case  the  principles of conversion  are  the 
same.  While the  mathematics  involved  are  not new,  we  hope 
that  our  presentation of the two-dimensional to three-dimen- 
sional  conversion  process  may be useful. We  especially  hope 
that  our notions of defining the axes in each  view and  then 
inverting  the  axis  matrix  may  prove a useful  model  for other 
tablet users, for it  eliminates  any need to align the views  being 
digitized  with  the  tablet and  compensates for any  nonperpen- 
dicularity of the  tablet axes. 

TABLET INPUT 
The  tablet we are  using  provides  for  digitizing  the  position 

of up  to seven pens simultaneously  on a tablet  surface ap- 
proximately 3 ft by 4 ft. The digitizing  surface  is  embedded in 
the  top of a formica-covered  table  which  forms the main 
working  surface  for  the  operator.  The position  sensors are ordi- 
nary  ball-point pens  connected to  an amplifier  and filter unit 
by  small  coaxial  cable. The  tablet  may be seen in Fig. 2. I t  is 
more  fully  described  elsewhere [lo]. 
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Fig. 2. The E&S tablet system. The tablet surface covers virtually the 
entire area of the table itself .  The two pens are connected by coaxial 
cable to the dual-pen amplifier and filter unit seen near the top of 

adjusted with the knobs on the tabletop unit. The meters indicate 
the picture. Sensitivity of the “down” detection circuitry may be 

Sketch- of this  quality can be used to produce objects which  are 
received signal strength. Sketches of ships are shown being digitized. 

identiliable though not, of course, dimensionally precise. 

The  tablet  system  provides  the  computer  with  information 
about  the  position of each of the pens. Coordinate  information 
is  given as a 15-bit  number for the X position and a 15-bit 
number  for  the Y position  of  each of the several  pens  in  opera- 
tion.  These  coordinate  numbers  provide  for a resolution of 
about 0.003 in  and  an  accuracy of about 0.01 in. The coordi- 
nates of all pens are  gathered  simultaneously  and  stored  in 
integrated-circuit  registers  to be made  available to  the com- 
puter  on  demand. 

Height  information  about  each pen is  provided  in  two 
height  bits  which  indicate  roughly how far  from  the  tablet 
surface  the pen has been  raised.  Because  these  height  bits are 
controlled  by a proximity  sensor for each pen rather  than by a 
switch,  the pen tip is  firmly fastened  to  the pen  barrel and  the 
pens have a firm feel for  easy  writing. The first of the  height 
bits,  the  “down”  bit,  is  commonly  adjusted  to  operate  when 
the pen  is  within about 0.05 in of the  tablet  surface  and  is 
indistinguishable  in  operation  from  the  “down”  switch  often 
contained  in  tablet pens. The  other  height  bit  operates when 
the pen  is above  some  other  threshold,  typically one-half  inch 
or so above  the  tablet  surface.  Above  this  threshold, coordi- 
nate  data  are ignored. 

The large  area of the  tablet  makes is  possible  for us to  use 
it  quite differently  from  small  tablets, as shown  in  Fig. 2. We 
are  free  to  devote  areas of the  tablet  surface  to  various  func- 
tions,  being  limited  more  by  the  length of our  arm  than  by 
the  tablet  area  available. I t  is a real luxury  to assign an  area 
to control  functions  and  tape  down a “menu”  specifying  the 
various  functions,  secure  in the knowledge that  there is  plenty 
of area  left for  digitizing data.  The  tablet  area lost to  the pen 
control box and  to reference b o o k s ,  papers,  etc.,  holds  about 
the  same  importance  in a user’s  mind as similar  area lost on 
the  top of his desk.  Because  people are used to  the  space- 
management  problems of paper  work  on  desk-sized  areas  and 
because the large tablet  surface  eliminates  the need to  hus- 
band  tablet  area, i t  provides  the user  with  a very  comfortable 
working  environment. 

The multiple-pen input of the  tablet  makes  it  easy  to 
think  about  digitizing  simultaneously  from  several views. Of 
course,  one  could  move  a  single  pen  back and  forth  between 
two  views,  assuming there was enough room for  two  views  on 
a ‘conventional”  tablet,  but one’s thinking process is assisted 
by  actually  pointing  simultaneously  to  the  two views. Input 
of two  points which are logically  related is actually  simul- 
taneous,  making  their  association  clearer  to  the user than 
would be possible  with sequential  association  using a single 
pen.  Moreover,  with  two input pens, i t  is substantially  easier 
to  keep  track of where  one  is  in the digitizing  process,  because 
the pens  provide a center of attention in each of the views 
being  used, thus guiding  eye  motion  from  one view to  another. 

SPECIFYING  VIEW AREAS AND AXIS POSITIONS 
For  the  digitizing  system  to know to which  view the user 

is  pointing, the user must  initially  specify  the  ‘tablet  area 
occupied  by  each  view. The user  makes  this  specification  by 
pointing to  the lower left  comer  and  the  upper  right  corner of 
each  view area.  The view areas  are  assumed  to be rectangular 
spaces  aligned  with the  tablet  axis,  although as we shall see, 
the views  themselves  which lie within  these  areas need not be 
aligned in any  particular  way. View areas  may  overlap;  for 
example, an  inset view may  occupy a part of another view 
area  provided  the  inset was  specified first. 

Before  specifying the locations of viewing areas,  the user 
specifies the  location of two  special  control  areas  devoted  to 
“menus” of command  functions. The system  treats  the com- 
mand  areas  exactly  the  same as other view areas,  except  that 
positions  digitized  from  them are used to  cause  control  func- 
tions rather  than as data  output. Because  the  command  areas 
are specified  first, they  may  overlap  the areas of other views. 
Thus  the two  command  areas  may be placed  wherever  con- 
venient  on  the  tablet.  Printed  plastic  overlays  with holes in 
which to place the pen are  sometimes used to define the com- 
mand  functions. A drawing of the  command  menu as shown 
in  Fig. 2 will serve  equally well. 

The user specifies the viewing parameters of each  view  by 
pointing to  the two-dimensional  location of predefined three- 
dimensional  points  in  each  view. Thus, for  example, the user 
points to  the origin of the three-dimensional  coordinate  sys- 
tem as seen  in  each of the views. For  orthographic  projections, 
i t  is  sufficient that  he  point  also  to  some  point  on  each of the 
three-dimensional axes as seen in  each  view  he  is  using.  By 
knowing  where the three-dimensional  axes  lie in each  view, 
the  system  can  ascertain  the  kind of view  involved.  For  exam- 
ple, if Z represents  vertical  motion,  then  the Z axis in  a top 
view will lie at the  same  place as did  the  three-dimensional 
origin;  noticing that  the 2 axis and  the origin are colocated 
tells the  system  that  this  is a top view. 

Moreover, if the view  is not aligned  with the  tablet axes, 
the position of three-dimensional axes as seen in that view 
will inform the  system of the misalignment.  For  example, if 
the X axis as seen  in  some  view  is  not  only to  the  right,  but 
also  slightly  above  the  origin of coordinates as seen in that  
view, then  the  system  can  automatically  compensate for the 
slight  counterclockwise  tilt of the view. 

Giving,  in  each  view, an example of a point at the  three- 
dimensional  origin  and an example in each  view of a point  on 
each  axis  is a very  simple  and powerful  way of specifying what 
kinds of views are being  used.  We call this  kind of view  spec- 
ification  “exemplary”  specification of views  because  exam- 
ples are given of what  the viewing transformation  did  to 
certain  known  points.  Exemplary  specification  is  also used for 
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perspective views, but at least six points  are  required  rather 
than  the  four  required for orthographic  projections. In either 
case,  the  exemplary  points chosen must  not be coplanar in 
three dimensions. 

Exemplary specification of a transformation  appeared 
earlier in  the 1968 design of the “clipping divider” [8]. The 
“window”  to  “viewport”  transformation was specified by giv- 
ing  the  locations at which the  left,  right,  bottom,  and  top 
edges of a viewing space  should lie on the screen. Similarly, 
subpictures were placed on a drawing  by specifying  where key 
points in them  should lie rather  than by  specifying the  trans- 
formation  directly. I t  is often easier to  make  an  exemplary 
specification than  to know the  parameters of the  transforma- 
tion directly.  Moreover,  as we shall  see, the  exemplary specifi- 
cation provides simply  and  cleanly for  different types of views, 
relieving the user of any need to  understand  the mechanics of 
the  transformations  involved. 

SELECTING  COORDINATES FROM MULTIPLE VIEWS 
With  the two-pen  digitizing system we can  indicate a 

point’s position  in three  dimensions by pointing  simulta- 
neously to  its projection  in each of two views. Because we 
have previously defined the  tablet  area occupied  by  each of 
the views, the  system  can easily determine which pen is point- 
ing  to which view, thus  leaving  the user free to  change  from 
one  pair of views to  another  at will. Because we have also 
previously  given an  exemplary specification of the  transfor- 
mation involved in each view, the  system  can  “undo”  the 
transformation involved and  compute  the three-dimensional 
coordinates of the  point in question. We have  found i t  par- 
ticularly  convenient  to  have  many views of an  object  avail- 
able  and  to move pens freely  from one view to  another  as 
convenience of digitizing dictates. 

There  are, of course, four measured tablet  coordinates, 
two for each pen, but  only  three  output  coordinates.  One 
must  therefore be prepared somehow to  eliminate  one degree 
of  freedom  in going from  the  two views to  the  three-dimen- 
sional  position of a  point. For example, if one is  digitizing 
mostly  horizontal  surfaces,  such as the  decks of a  ship, from 
a plan (or top) view and  an  elevation (or side) view, one  may 
want  to  ignore  the  horizontal position measured  from  the 
elevation view, because one is thus freed of the need to  make 
the  horizontal position of the  elevation pen correspond to  that 
of the  plan pen, and an entire deck can be  digitized with  the 
elevation pen stationary  anywhere at the  right level for the 
deck  in  question.  If, on the  other  hand,  one  is digitizing a 
mostly  vertical  surface  such as the  facade of a building, one 
may  want  to ignore one axis in  the plan view and use both 
axes of the  elevation view. One  could, of course, obtain  the 
third  output  coordinate  as  the  average of two  coordinates 
measured from  the  tablet,  but we have found i t  preferable to 
ignore  one kind of pen motion  because one  can  then be  less 
careful in positioning the second pen. 

Unfortunately,  the pen motion  to be ignored depends on 
the  particular views  being used and  the  intent of the user. 
For example,  in  digitizing a ship model we discovered that 
whereas both  coordinates  should be taken  from  the  plan view 
for  decks, both  should be taken  from  the  elevation view when 
digitizing  the ship’s cranes.  When  the  decks  are finished and 
one  is  ready  to  start  on  the  cranes, one must  either redefine 
which coordinate  to  ignore  or suffer very inefficient operation 
in which lateral positions for a surface  are selected  from an 
edge view of it. 

Because  users  like to  concentrate  their  attention mostly  in 

one view, the second pen is  often  mounted in a small stand 
(Fig. l), which will keep i t  upright  and in  position  between 
the  relatively  infrequent  times  it is moved. Thus  information 
about which pen is  pointing  to which view can tell the  system 
which view shall have  two axes used and which view only one 
axis used: pen A, without  the  stand, will always yield two 
coordinates: pen B, with  the  stand, will always yield only one 
coordinate. This arrangement works out  quite well, except 
when digitizing from  pairs of perspective views or  photo- 
graphs for which the  directions of the axes are  not clear. 

When digitizing from pairs  of photographs, one indicates 
the  exact  location of a  point  in each of the  two views. The 
three-dimensional coordinate should presumably be computed 
in a  symmetric way from the  data t h u s  measured,  that is, the 
same three-dimensional value  should be computed if the pens 
were interchanged. In the case of perspective views, i t  is  not 
clear which motion of which pen should be ignored,  and so the 
redundant degree of freedom in the  pair of two-dimensional 
specifications is removed  by computing a least  mean-squares 
fit as outlined in the Appendix. 

SPECIFYING THE AXIS TO BE IGNORED 
In order  to explicitly indicate which axis is to be ignored, 

our system provides for output in four dimensions rather  than 
three.  The  fourth  dimension, which we refer to  as W,’ will be 
ignored when only three-dimensional output is desired, but  i t  
is given an explicit exemplary specification  in  each view just 
as  are  the  other  three.  Thus if the user specifies the location of 
the W axis as horizontal  in  some view, he is effectively saying 
that  in  that view horizontal  motion of the pen should be 
ignored. Thus  the  exemplary specification of five points  (an 
origin and some point on each of four  axes,  for  example) 
specifies everything  about  the view including  any pen mo- 
tions to be ignored. 

Because  one may  sometimes  want  to use a pen motion  in 
a view and  sometimes ignore it,  the  exemplary specification 
of viewing parameters is made  separately for  each  pen. Thus, 
whereas  horizontal motion in  some view may be important if 
detected  with pen A (which the user is holding  in his dominant 
hand),  the  same horizontal  motion may  properly be ignored 
if detected  with pen B (which is  mounted in the  stationary 
holder). T h u s  a  complete  exemplary view specification in- 
cludes the location of the origin and a point  on  each of the 
four  axes as detected by  each pen in  each view. Entering  such 
a specification requires digitizing  nine points for  each view, 
an  operation which requires only a few seconds. 

UNDOING THE VIEWING TRANSFORMATIONS 
I t  might seem quite a hard  task  to  “undo”  the viewing 

transformations, given only  an  exemplary specification of 
them.  This is not so, as we hope to  show, if one thinks of the 
transformation  as  a  matrix  and  has chosen a  simple  set of 
exemplary points. I t  is slightly more  difficult if the  transfor- 
mation is more  complex or the  set of points  not  simply chosen, 
but still quite  straightforward as the Appendix indicates. 

If  we think of the  transformation between tablet coordi- 
nates  and four-dimensional output  coordinates  in  matrix 
form,  the  task of “undoing”  the viewing transformation 

tinguished from the use of homogeneous  coordinates  which  will be seen 
This use of four  dimensions  and the W coordinate  must be dis- 

later in  the paper.  Here W is a “real” coordinate  which  will simply be 
ignored in  the final  three-dimensional output. In homogeneous  coordi- 
nates ,  the fourth  coordinate is a scale  factor  which  must be divided out, 
not ignored. 
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amounts  to performing a matrix  multiplication of the  tablet 
data  by  some "magic" matrix M, which wil l  undo  the  trans- 
formation. 

Tablet  Data X Matrix = 4-D Output  

Of course, M is not  initially  known,  but  the  exemplary specifi- 
cation tells what  it does to  the  example  points: 

Measured  Example X Matrix = 4-D  Example 

Points  Points 

That  is to  say,  whatever  the magic matrix is, it  must  trans- 
form  the  exemplary  points [seen in  the  leftmost  matrix  in (2)] 
into  their  correct positions in  four dimensions [seen in  the 
rightmost  matrix  in (2)]. The magic matrix M must also 
transform  the  exemplary origin point  into  the  point [0 0 0 01, 
a fact which is  not  shown  in (2). 

Now, if  we express all tablet  coordinates as relative  to  the 
origin location  in  their view, any  matrix will transform  the 
origin correctly, for [0 0 0 01 [MI = [0 0 0 01. Moreover, we 
can also  notice that  the  right-hand  side of (2) is the  identity 
matrix,  and i t  follows that M is  the  inverse of the  matrix 
formed by  the  relative  tablet  coordinates of the  exemplary 
points: 

Having measured the  relative  tablet  coordinates of the 
exemplary points, we form a matrix of them,  invert  it,  and 
use the  result  to  .transform all other  points digitized from 
those views. This simple process will account  not  only for the 
viewing direction of the view we are using but also  for any 
tilt of the view on  the  tablet,  and  for  any skew  in the  tablet 
axis. 

Of course,  whenever the user changes  from one  pair of 
views to  another, a new M matrix  must be computed.  During 
the view definition process, the  relative  tablet  coordinates of 
the  exemplary  points  in  each view for each pen are  stored. 
Whenever a new view pair comes into use, these  values  are 
retrieved, used to  form a matrix,  inverted,  and  installed  in 
place of the  former  value of M .  This process takes  only a few 
milliseconds and  thus passes unnoticed to  the user. The user 
blissfully points to locations  in  three dimensions in  whatever 
views he chooses and  the  system  seems  to  "understand"  what 
he means. 

Different  scale factors for  different  views or  different  axes 
of different views can easily be accommodated. If the exem- 
plary  points given  for different views lie at different  distances 
from  the origin, then  the  matrix M obtained  by  inverting  the 
exemplary  points will contain  automatic scale factor com- 
pensation.  In  fact, M transforms  the position  given in  the 
example  into a location on one of the  four  output axes at unit 
distance  from  the origin. Thus, if one is using a  scale of 
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Fig. 3. Example of output from the digitizing system. The  three-dimen- 
sional  coordinates of points  are  indicated. Polygons are  defined by 
mentioning the names of their vertices in sequence. Only a part of the 
object is shown in this example. 

1 in/ft  and  wants  output  coordinates in  feet, the  example 
point  in  the 1-in-scale view will be 1 in from the origin, that 
being  the place into which the four-dimensional example 
point  located 1 ft from the origin is transformed by whatever 
the viewing transformation is. 

Because the scale factors of views  being  digitized are  often 
the  same,  one  may  want  to  indicate merely the  direction of an 
axis and  not a scale factor,  maintaining  instead a constant 
scale factor.  This is easily  accomplished by normalizing the 
corresponding row of the  exemplary  point  matrix, i.e., making 
the  length of that  row vector  unity.  In  fact, we have found 
that  this is such a common  requirement  that  introduction of 
a  scale factor by not normalizing the rows of the measured 
example  point  matrix  is considered the exception rather  than 
the rule. 
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DEFINING POLYGONS 
In building models for  production of computer  pictures, 

our objective  is  to define a collection of polygons  which form 
the  “skin” of the model. The  vertices of these polygons are 
points whose three-dimensional  coordinates  have been de- 
fined by tablet  input.  The polygons themselves  are recorded 
as  the  names of the  sequence of vertices  involved so that 
vertices  may be shared between polygons. Thus, for example, 
A l ,   B 5 ,   B 6 ,   A S ,  B9 is a specification  for a pentagon  connecting 
the  indicated  vertices,  The  programs we have  built for data 
input  by  tablet record not  only  the  coordinates of the  points 
digitized, but  also  the polygons defined by  the user as the 
“skin” of his model. A typical  output  form  is  shown  in Fig. 3. 

Our  first  attempts  at defining “skin”  involved a simple 
two-step process. First,  the user pointed  accurately  to all of 
the  points  he  felt necessary for defining the  object,  and  the 
system recorded the  three-dimensional  coordinates of these 
points. Having defined all of the  points,  the user then  went 
back  and  “touched”  points  in  sequence  to define each polygon 
on  the  “skin.”  During  this second process, the  system would 
define  no new points,  but would rather use as the  vertex of the 
polygon whatever  already defined point was  closest in  three 
dimensions  to  the place indicated  by  the  dual-pen specifica- 
tion. A  user  could define the  locations of points using one 
view pair  and  point  to  them  through  another view pair. 

The notion  of  defining the  coordinates of all points first 
and  then  returning  to define the polygons  proved slow and 
cumbersome because  each point was  used  several  times. In  
defining a rectangular block,  for example,  the user had  to 
touch  each  point  four  times: first to define its  coordinates,  and 
then  three  additional  times-once  during  the definition of 
each of the  three faces associated  with  it.  With  this  system, 
it took a user 4 s to define a point  or  select a predefined point, 
and  thus  about 2 min to define both  corner locations and 
polygon  topology for a rectangular block. 

Because 2 min seems a long time  to define a block, we 
built  an  improved  system which proceeds simultaneously  with 
the definition of point  coordinates  and polygonal skin.  The 
user thinks  only in terms of defining the  skin;  any  points that 
he uses in doing so are  entered  into a point  table. If a point 
already exists  in the  point  table at almost tce  same coordi- 
nates as the new point,  the existing point will be used and  the 
new point will not  enter  the  table.  The  geometric  tolerance 
required  to define a new point is, of course, adjustable.  The 
user gets  feedback as to which  choice  was made because the 
system  makes a slightly  different noise when a new point is 
defined than when an existing point  is referenced. 

DEFINING SETS OF POLYGONS 
The  ability  to define and use points  simultaneously re- 

duces  the work of defining  a surface  somewhat,  but  still fails 
to  address  the real problem of defining  collections of polygons 
quickly  and easily. We  have  observed  that for most useful 
objects,  the polygons often  share  common boundaries, and 
thus  might possibly be defined in  sets, using the  boundary of 
one  polygon as a part of the  boundary of the next. Accord- 
ingly, we have  included  in our system  the  ability  to define a 
“row” of polygons by defining the  points  that  lie  on  each  side 
of the row. As shown  in Fig. 4,  the  four  upper polygons might 
be defined by  describing the A points  in  sequence  and  the B 
points  in sequence. The  program could then  automatically 
generate polygons  beginning A l ,   A 2 ,   B 2 ,  B1 and  ending A 4 ,  
AS,  B5,  B4. Subsequent definition of the  points in the C row 
(in order) could permit  the  system  to define the lo.wer row of 
polygons. 

.., A 4  

I \ \ 

Fig. 4. A mesh of points  may be used to define many polygons simul- 
taneously.  The  points labeled A 1 through AS are input  in  sequence, 
followed by the  points labeled B1 through BS. The  system  auto- 
matically defines  and outputs  the correct polygon  definitions  for  the 
entire upper  row  of polygons. 

In our improved  system,  the user is provided with two 
working sets of points, called V (visible) and I (invisible), into 
which he  may place  collections of points. Actually,  the V and 
I sets  contain  the  names of points previously  defined, if such 
points  exist, or if not,  the  names of points newly defined a t  
the  time of entry.  Suitable  editing  controls  are  provided  to 
enter new points  into  either  set,  delete single points from 
either  set, clear either  set, or treat  the  two  sets  as a push- 
down  stack.  Other  controls  are provided to use the V and I 
sets for  defining a collection of polygons. 

There  are  three polygon definition controls  and a fourth 
control which is a combination of the  three.  Two of the basic 
controls  each  output a single  polygon, namely, that corre- 
sponding  to  the V or  the I set of vertices,  respectively. The 
polygon that is  output  eliminates  any  duplication  that may 
be in the V or I set,  including  duplication of the  first  point  as 
the last in the  set.  Thus if the V set  contains  the  points A l ,  
A 2 ,   A 3 ,   A 3 ,   A 4 ,   A S ,   A l ,  the  output polygon wil l  be A l ,   A 2 ,  
A 3 ,   A 4 ,   A 5 .  

Output from the I set  is in the  inverse  order from that of 
the V set.  This  inversion of order is intended  to  make  it easy 
to define all polygons  in a clockwise (or counterclockwise) di- 
rection as seen from outside the  body being  defined. The user 
defines all polygons  in  a clockwise direction as he sees them 
in his drawing. I f  the polygon is visible, he puts  it  into  the V 
set  and  its clockwise order will be preserved. If the polygon 
is invisible, he puts  it  into  the I set  and  its  direction will auto- 
matically be reversed to  correct for the  fact  that  it was defined 
as  seen  through  the  object of which i t  is a face. 

The  third polygon output  control  generates a number of 
output polygons  which form a skin  connecting  the V set of 
points  with  the I set of points. The polygons of this  skin  are 
usually quadrilaterals, as shown  in Fig. 4 ,  but  may be triangles 
under special circumstances.  The  skin  generated  forms  an 
open  channel  between  the V set  and  the I set of points; a 
closed tube will be obtained if the  first  point in I is repeated 
as the  last  point  in I and  the  first  point  in V is  repeated as the 
last point in V. Notice that such a duplication would have no 
effect on  the  output polygons corresponding  to I and V them- 
selves, but will cause  the  skin between them  to  form a closed 
tube. If the  number of points in I and V do  not  correspond, 
the  skin  between  them  is  not defined and  an  error message is 
generated. 

The  “no  duplication”  function  already  mentioned provides 
for making  skins  between  sets of points  unequal in point 
count.  Suppose that one wishes to  form a skin between  one 
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section of a ship defined  with eight  points  and  another  section 
defined  with  only  seven points.  One  can  do  this by outputting 
six quadrilaterals  and  one  triangle.  What one  does,  in  fact,  is 
to  enter  the  point  that is to be the  vertex of the triangle into 
either I or V  twice, as a duplicate,  thus  in effect putting  out a 
quadrilateral which has a repeated  vertex.  Because  the  system 
refuses to  output  such a repeated  vertex,  the  output becomes 
the desired  triangle. T h u s  whenever the  number of points  per 
section is changed  along the hull of a  ship,  for  example,  one 
indicates which part of the  skin  is  to be made of triangles  by 
entering a duplicate  point  into  V or I. 

The V  and I sets of points  are  organized as a push-down 
stack  to  facilitate defining  long skins between  consecutive  sec- 
tions as, for  example, of a ship  hull.  One  can  prepare a new set 
of points  corresponding to  the  next  section  and  then  'push" i t  
into I or V, causing  the old value of I to move into V or vice 
versa.  One  can  thus  progress  from  section  to  section  down  the 
length of a hull, generating  the polygons that connect'each 
section  with the previous  one  by  skinning  in  between  V  and  I 
at each  stage.  One  pushes  into I or into V  consistently  during 
the definition of any one  hull depending on whether  one is 
working  forward or aft, which in  turn  depends  on  the  sense of 
the  coordinate  axes being  used. The sense of the polygons 
output  during  the  skinning  between  .two  sections  corresponds 
to  that of the V and I output polygons  themselves. 

APPENDIX 
DEFINING A THREE-DIMENSIONAL POINT FROM 

Two PERSPECTIVE VIEWS 
With  the  two-pen  digitizing  system, we can  indicate a po- 

sition in three  dimensions  by  measuring  its  position in a pair 
of two-dimensional  views. As  we have  already  seen, i t  is  easy 
to  construct  the  three-dimensional  coordinates of the  point if 
the two  views are  the  ordinary  orthographic views  common 
in  mechanical  drafting  practice,  and if the  axes of the views 
are  aligned  with  the  axes of the  tablet. I t  is more difficult, 
however, to see how to  compute  the three-dimensional  coordi- 
nates of the  point  indicated if the two  views are  arbitrary 
perspective  projections, e.g., photographs,  casually-fastened 
at  an angle to  the  tablet axis. I t  is the purpose of this Ap- 
pendix to  describe the  mathematical  transformations re- 
quired.  We  think in terms of the general  perspective  projec- 
tion  in  order  to be able  to  discover  the  three-dimensional 
positions of points  captured  in  photographs. 

Of course, by  handling  the general  perspective  case, we 
automatically  take  care of the  simpler  orthographic  projec- 
tions of mechanical drawing,  and a host of other special  pro- 
jections  such as single-point  perspective,  two-point  perspec- 
tive,  cabinet  projection,  etc.  Moreover, we also  automatically 
take  care of any misalignment  between the view and  the  tablet 
axis,  because  such  misalignment  shows up as a simple  rotation 
which can be  included in the general  perspective  projection. 
Any  nonperpendicularity of the  tablet  axes  themselves is also 
automatically  accounted  for  in  the  perspective  projection. 

I t  is l e s s  obvious, but nonetheless  true,  that  the perspec- 
tive  projection will account  properly for digitizing  devices that 
detect  angles  from  two fixed locations  rather  than  detecting 
position in a linear  fashion,  provided the total angle  over 
which measurements are made is small.  Alternatively, if the 
angle of measurement is large,  one  must use its  tangent as the 
measured  coordinate to  get  proper  operation of the perspec- 
tive  projection  mathematics. 

The ability  to  function  with  angular  measurements,  pro- 
vided the angle is small,  follows from  the  fact  that  perspective 
projections do  not preserve  parallelism of lines. A  perspective 

projection  which  projects the  centers of the  angular  measure- 
ment. to  infinity will convert  such  angular  measures  into  the 
more  familiar  linear  measures of a Cartesian  coordinate  sys- 
tem. Because  a compounding of perspective  projections  re- 
sults merely in another  perspective  projection,  this final pro- 
jection  can  easily  be  accommodated in the  mathematics  de- 
scribed below. The  fact  that  angular  measurements  are 
acceptable  leads  to  the conclusion that  angular  scanners  such 
as the  "twinkle box" [2] fit into  this  same  mathematical 
framework. 

There  are  two  parts  to  converting from  pairs of two- 
dimensional  views to  the  three-dimensional  coordinates of a 
point.  First,  one  must 'discover the  numerical  values which 
characterize  the  particular  perspective  projection in use; sec- 
ond,  one  must use the pairs of two-dimensional data  points  to 
determine  the  three-dimensional  coordinates. To  discover  the 
numerical  values  which  characterize  a  particular  projection 
we  will measure  the final projected  positions of some  example 
points whose  three-dimensional  coordinates  are  known. To 
compute  the position in  three  dimensions of some new point 
whose  position in  the  two views has been  measured, we  will 
use the projection  parameters to establish  the  positions of 
planes in three  dimensions,  planes whose intersection  must be 
the three-dimensional  location of the  point.  Unfortunately, 
measuring  both  horizontal and vertical  locations  in  each of 
two  separate views  gives us four  planes  which  may  not  inter- 
sect in a single point  and  thus  some  kind of data  fitting will 
be required. 

For  those  not  familiar  with homogeneous coordinate  rep- 
resentation,  a word about our notation is probably  in  order. 
In the notation used  here, we  will represent  a  point in three 
dimensions  whose real coordinates  are X ,  Y,  and 2, either  as 
the four-component row vector [ X ,  Y,  Z ,  11 where 1 is  the 
homogeneous term, or as any multiple of that  vector, e.g. 
[ w X ,  w Y,  w Z ,   w ] ,  where w is  arbitrarily chosen.  When we are 
thinking of a point  in  homogeneous  terms we may  represent 
i t  with lower-case notation as [ x ,  y ,  e, w ] ,  meaning  exactly the 
same  point as above,  because X ,  Y,  and Z can  always be found 
by  dividing  out w ,  the homogeneous term: X = x / w ,  Y= y / w ,  
Z = s / w .  If this  form of notation  is  not  familiar,  read  this 
paragraph  again, for i t  contains  nearly all you  need to know 
about homogeneous  coordinates. 

The general  perspective  projection  can be represented  in 
homogeneous coordinates as a four-by-four  transformation 
matrix.  Thus if [ X ,  Y ,  Z ,  11 is some  point  in a three-dimen- 
sional  space, we are  free  to  represent  it homogeneously as 
[ w X ,  w Y,  w Z ,   w ]  = [ x ,  y, z, w ] ,  and  to  transform  it by a four- 
by-four  matrix into  some  other  space [X' ,  Y', Z', 11: 

LT41 T 4 2  T4a T 4 J  
X' = x'/w' Y' = y'/w' 2' = z'/w'. ( 5 )  

Because  the division so essential to perspective  is  implicit  in 
the homogeneous notation, we often  omit  its  explicit  repre- 
sentation,  saying  that  the  transformation  matrix T represents 
the perspective  projection.  Indeed, the 16 numbers of the 
matrix  do  account for all of the possible variations of perspec- 
tive that may  occur. 

There  are several  things to  note  about  this  perspective 
projection.  First, the perspective  projection  is a projection 
from  one  three-dimensional  space to  another  three-dimen- 
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sional space! We can  actually  compute  a  perspective  depth  as 
well as  the  positions of objects on the screen!  Surprisingly, 
cameras  produce  such  three-dimensional  images, as evidenced 
by  the need to focus,  i.e., the need to  place  the film plane in 
that  part of the three-dimensional  image in which  one is most 
interested.  Second,  notice  the  delightful  symmetry of the X’, 
Y‘, and 2’ computations.  The  perspective  depth  computation 
is no  different  from the  lateral  position  computations!  Third, 
notice that  the  matrix T itself may be arbitrarily  scaled, be- 
cause the division will remove the effects of any  such  scaling. 

In a two-dimensional  view we have  dropped  the  depth 
coordinate 2’ and no  longer  have i t  available  to us. Therefore, 
the  projection becomes: 

L L  T42 T 4 d  
= [x ’ ,  y’, w’]  = w’[U,  V ,  11. (6)  

In  this  transformation we have  assumed w to  be unity, 
which we are  free  to  do  because  the  scale  factor  does  not 
matter,  and  to  distinguish  the  two-dimensional  measurements 
clearly in what follows  we have called them U and V ,  where 
U=x’/w’ and V =  y’/w’. Notice  that  there  are 12 elements in 
the 4 by 3 transformation  matrix.  Notice  also  that  the  tablet 
measurements of the  photographs or other view are  not  the 
values x’, y‘, and w’ shown  in (6), but  the  ratios U=x’/w‘ and 
V =  y’/w’. In  fact, we have  no  way of knowing the  value of w’, 
and  different  input  points X Y 2 may  give  different  values 
of w’. 

I t  is worth  writing  out  the  separate  equations  represented 
in the  matrix expression in (6). There  are  three: 

and 

into  the  first  two  equations  and  grouping  terms, we can  get to 
the  heart of the  transformation: 

Equations (8) can  be  considered  in  three  ways,  depending 
on  what  is  known  and  what  is  not.  First, if we know the 
transformation Tij and  the position of the  point in three  space, 
X Y Z, then  each  equation is an  equation in one  unknown, 
namely, Uor V ,  and we can  compute  the position of the  point 
in the perspective  picture. 

TllX + TslY + Tal2 + T41 
Tl3X + TzaY + T a d  + T43 

U =  

Second, if we know the  transformation Tij and  the po- 
sition of the  point in the  picture U V ,  then  the  terms of (8) in 
parentheses become computable  constants,  and we can  think 
of the  equations as being of the  form: 

alX + blY + ClZ + d l  = 0 

When  seen in this  form, i t  is obvious that each  equation  repre- 
sents a plane  in  three space on which the  point  must lie, and 
each  pair  defines a %ay”  extending  out  from  the  camera 
through  the  point.  With  known  (different)  transformations 
Tij for two  views and  measured two-dimensional coordinates 
U V in each view, we have four equations  in  the  three  un- 
knowns X Y 2, and  can  solve  for  the position of the  point  in 
three  dimensions  by  some  sort of best  fit method. 

Third, if we know the  location of several  points in three 
dimensions X Y Z, and know their  measured  positions in the 
view U V, then (8) are  two  equations per point  in  the  twelve 
unknowns Tij. In  the  case of eight  points,  subscripts a 

By substituting  the  value of w’ found  in the  third  equation  through h, for- example: 

X = 0. 
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Because the  equations of (11) are  homogeneous, of course, 
the  solutions T;j will contain  an  arbitrary  scale  factor if any 
such  solutions  exist.  We  may  prefer  to choose Tu to be unity, 
move the last column of the  matrix  to  the  other  side of the 
equation,  and  solve for the  remaining 11 T's by a mean- 
square fit method. To do so, of  course,  requires at least 11 
equations or 53 measured data points. 

Now the  equations of (11) get at the  heart of finding the 
transformation, given example  points whose coordinates in 
three  dimensions X Y Z are  known,  and whose locations  in 
two  dimensions U V are also  known. In  addition  to  knowing 
the  example  points, if we also  know that  the view  is ortho- 
graphic (Le., a view from  infinity  but  not necessarily a view 
from  along  an  axis),  then we know  in  advance that TIS, Ts, 
and T ~ I  are zero, and only  eight  unknowns  remain,  namely, 
the first  two  columns of T's, assuming Tu to be unity.  Thus 
to specify an  orthographic  projection,  one need  define  only 
the locations of four  points, e.g., the origin and a point  on 
each of the axes. 

In  an earlier  section of the  paper we chose to  transform 
from a pair of two-dimensional  views into a four-dimensional 
space  rather  than  directly  into  three  dimensions. To do  this 
we must  expand (6) to  include  another  row: 

Tu Tlz Tu 
T z l  Tzz Tza 

[ X ,  Y , Z ,  W ,  11 X Tal T J ~  Taa = ~ ' [ u ,  v, 11. (12) 

[TH T41  T62 T u  T I  T4r 

In  the  orthographic  projection we were  using, the final column 
of (12) is  zero, except for T ~ J  which may be assumed to  be 
unity, and  thus  ten T ,  remain to be found  and five points will 
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be required to define the  transformation. We  used the origin 
and a point  on  each of the  four axes. 

Burton's  "twinkle box" [2]  is a system which  measures 
only a single coordinate  from  each view, requiring a t  least 
three views of a point  before  its  three-dimensional  coordinate 
can be computed. For this  case we rewrite (6)  and  omit  one 
of the  measurements: 

In  this  case the measured  coordinate U of a  three-dimen- 
sional  point X Y Z provides  only a single  equation defining 
the Ti,, and  seven  such  points  must be measured to discover 
the  transformation  involved. 

For those  who  may want  to  program  some of the  ideas 
given  here, the following technique  computes a mean-squares 
fit. Given  a set of equations  in  matrix  form: 

A X  = B (14) 

where the A matrix  has  too  many rows  for the  number of 
degrees of freedom  in X, one  can  get  the  least  mean-squared 
error fit by  solving 

A T A X  = A T B  (15) 

where AT is the  transpose of A ,  and of  course A T A  is  square 
and of the  right  dimension  to  suit X. Should  no  solution to  
(15) be computable, i t  means that the conditions  imposed 
in (14) are  redundant  and no one  solution  represents  the  least 
error  condition. For your  reference we have  computed AT and 
A T A  corresponding to  (11) to be: 
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Fig. 5. An “engineering”  drawing of a castle  ready  for  digitizing. 
The  completed  castle  may be seen  in  Fig. 6. 

Figs. 5 and 6 are a direct  illustration of the  mathematical 
principles  described in the  Appendix. 
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